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Hyperthermia therapy is an emerging and relatively safe clinical treatment for human tumors. Mathematical models, such as Pennes’ bioheat equation, are n-a(En) = X2 (Co’r;tinui’tly)l( w) = Ya(en) =n 2 (ASNE,,—l + Afo) Agg Aey,, -1
widely used to simulate heat dissipation during hyperthermia procedures, providing deeper insight into treatment efficacy in clinical trials. When solving , , ; , Agg 2(Agq + Agy) H
s X . . AR - . X . X, (&) =Xn(&n),  Yi_1(gn) =Ya(en) A= X . ,
Pennes’ bioheat equation, a crucial step is accurately identifying the tumor boundary from CT scan images and reconstructing that boundary using an " L iabili : . Aen,,—2
appropriate algebraic representation. In this project, we study a reliable computational framework that implements a sequence of numerical algorithms to (Differentiability) \ ne e 2 ( ne +he ) }
detect and reconstruct tumor boundaries. Numerical experiments based on real CT scans of live tumors are also presented to demonstrate the effectiveness Xiio1(en) = Xr’_[’ (En)3 _ Yyl'ﬂ(_%z) =Y (&) Nep=1 Nep=2 Nep=2 Nep~1
of the proposed method. (Twice Differentiability) R R
Xo(e0) = XNCP—l(ENC,, )' Yo(&) = YNC,,—1(€NCP) E('h —ap) - o (‘10 - ’lNc,,—l)
Introduction (Ensures first and last values in equations are equivalent to close loop) E" ey — a)) _pi( Cay)
&= 1), g= A, 2T @)l do
« In Hyperthermia Therapy often a fluid containing paramagnetic nano particles is injected into a patient’s tumor. Once exposed to an alternating , , Boundary Cunlditiuns: , ch;,—l H
magnetic field, the magnetic energy is converted into thermal energy. This heat is applied and it kills the tumor internally. Xo(e0) = Xpypo1(eng, ) Yo(e) = Yigpa(enes) \m (ao - an_l) - ﬁ (an_l - an_z)}
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S 4 46°C 4 o Xy'(e0) = Xippoa(ene, ) Y6 (o) = Yo,y (ew,,) i Where Agy = ens1 — £n
I 46°C (Ensures smoothness and prevents unnatural curvature between the first
L z N and last Control Points) And for u,,, we use a similar system (switching out the 'c' constants for 'u'
3 43°C g 43°C STEP 1) Start with the st of control points: {CP, = (xn.)’n)}qify constants and 'a' constants for 'p' constants to orientate for Y equations)
2 s CPy=CPy ) ) .
3 o 'g STEP 2) Define each set of equations: o After each system is solved, we will have coefficients:
‘3 EN 40°C 4 | 40°C X (€) = @y + bu(e — &) + cu(e — £2)? + dp (£ — £)?, @y, Pns Cny Uy, and only need to solve for by, d,,, g, v,
o' R Y, (&) = pn + qnle — &) +up(e — )% + v,(e — &,)3, . . .
| P 379 2 o n(®) ffrnn =q76( N:z _ 1"( ") n( ") STEP 6) Use the formulas Below (derived by substituting Conditions) to solve
N> 2 0 2 4 2 0 2 4 37°C (Need to solve for unknowns) for cach b and d:
d . Ae, X
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« This is beneficial because it prevents doctors from having to extract the tumor manually and risk damaging other areas. STEP 3) Solve for each ¢ using the formula below: " Aey
. Hov\{eve‘r, for this method it is crucial to have a precise model on the heat transfer of the biological tissue of the tumor to ensure accurate 0, by,,-1 = s (uo - u,\,w_l) —% (Co + Zch_l)
application of heat. . ; _ o ) . & = En-1 + =y———, forn=1,..., Nep where e = 0.5,&, = 0 Nep =t
* The equation that models this specific type of heat transfer is known as Penne’s Bioheat equation. Zkiq(Dk)e d, = A (Cpy1 —Cp), forn=0,.., Nep —2
n
- —_— 1
__orT R _ _ _ Z 2 ——_— —
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T~ tissue temperature, p~ and p,: tissue density, (The distance between each control point) STEP 7) And for q and v, we use similar equations (switching out the 'b'
¢ and ¢y, : specific heat, k™: thermal conductivity, constants for 'q' constants, the 'd' constants for 'v' constants, the 'a' constants for
w} blood perfusion rate, Tp: arterial blood temperature, STEP 4) Can now solve for the constants a,, and p, directly from the 'p' constants and the 'c' constants for 'u' constants to orientate for Y equations)
Qm: metabolic heat, Qy: external heat control points:

= = STEP 8) Lastly, plug all values into each pair equations and use them as the
. . L . . . Lo . . . Ay =Xp, Pn=Yn -9) > !
In order to use thls partial differential equation on a’ paﬁlcu}ar tumf)r, we peed an initial condition in the for.m of an algebraic equation that STEP 5) Next solve for ¢, and w, using a linear system constructed from domain in the bioheat equation.
models the physical tumor boundary. (Note: Penne’s equation can’t read images - needs an algebraic domain to represent tumor)
« This brings us to the focus of this project which is to recognize and reconstruct this tumor boundary into an algebraic equation from a CT
scan image to be able to use in solving Penne’s Bioheat equation.

substituting conditions

Numerical Experiments

_ ReCO_g nizing Tumor _ 3 Simulations were run in Matlab using real data from Tumor Scans.
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Xlohvsical coords) In this project, we used a method to recognize and reconstruct tumor boundaries from CT scan data using a combination of image processing and
Reconstructin g Tumor Bou ndary ] parametric spline m}cn‘polatlon._By converting thc image data into control points, and m’tcrp_olatmg thcnr}, we were able to accurately capture the rcl_atlvc
shape of the tumor into algebraic equations. Using these equations, we can solve Penne’s Bioheat equation to model heat transfer of the tumor. This
* Now that we have condensed the tumor boundary into the control points, Parametric Spline Interpolation method can be applied to multiple slices of the same tumor to construct an accurate heat dissipation model, providing valuable insight for doctors to
the next step is to interpolate these coordinates (Meaning fill the gaps For some set of control points: {CP, = (x,, Y,)}heh, reference during hyperthermia therapy. In the future, we could extend this method to utilize another bioheat equation to model the surrounding tissue. By
between each point). CPy = CPy,,, (Ngp = number of control points) modeling both the tumor and its surroundings, we can better approximate tissue damage risks and provide more reliable guidance for treatment planning.

Overall, this project demonstrates a useful technique for improving hyperthermia treatment through mathematical modeling and lays the foundation for

+ Typically, interpolation methods take a set of points and fill the gaps The series of parametric equations that approximate the spaces between each
development of more accurate models.

between them gsing asingle a’lgebraic function‘y:t(.x) ) point is given below:
« However, in this case, we can’t use a standard function since the shape _ 2 3
puts ¢ At L ontput fuse 2 Xo(€) = ay + by(e — &) + ¢y (e —£)* +dy (6 — £2)°,
causes some inputs to correspond to several outputs, so we must use Yo(8) = P + Gu (€ — £0) + Un (e — £,)2 + Vo (e — £,)%, References
parametric equations X(¢) and Y (&) to represent the boundary

«  Furthermore, instead of just using one pair of equations, we can use a Xu, J., Guan, Z., & Li, C. (2025). A highly accurate augmented matched interface and boundary method for heat dissipation in tumor anatomies. Journal

forn=0,..,Nep — 1,

A N N . . o oo, P
g:)ei;]”tod that generates a pair of equations for every space between each provided the following conditions are satisified of Thermal Biology, 133, 104299. https://doi.org/10.1016/i.itherbio.2025,104299
*  The method we use is called parametric spline interpolation which National Cancer Institute. (2025, May 15). Hyperthermia to treat cancer [Image]. Hyperthermia page

generates a pair of piecewise defined equations to fit the points.
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