THE p-DISSECTION OF A PRODUCT OF QUINTUPLE PRODUCTS
TAYLOR DANIELS, TIM HUBER, JAMES MCLAUGHLIN, AND DONGXI YE

ABSTRACT. Let p =1 (mod 4) be prime, p = m? + n?, and let b be a positive integer. Let
Q(2,9) = (2,0/2,¢; 1) o0 (422, q/2%; ¢*) s denote the product appearing in the quintuple prod-
uct identity. We derive explicit formulae for the p-dissection of Q(¢"™,¢?)Q(¢"",¢?), and
determine sign patterns (mod p) of the Taylor series coefficients of the associated quotient

Q"™ ¢")Q(d", ")/ (a"; ¢")%-
As an example of our results, let p =1 (mod 12) such that 3|n. If m =1 (mod 3), then

Q"™ ¢")Qd"", ¢")

-1
_ pz q3bkm+p(3k27k)/2Q(qp(6b+(6k71)mfn+p)/67 qu )62(qp(76kn77n+n+p)/67 qu)'
k=0
There is a similar expansion when m = —1 (mod 3). When p =5 (mod 12), the ¢-products
in the p-dissection involve the product that occurs in Winquist’s identity.
Some combinatorial applications of the p-dissection formulae are also given.

1. INTRODUCTION
Using the standard g-Pochhammer symbols (a1, ..., a;;¢)o0 = (@1;¢)00 - - (@53 @), let
(1.1) Q(2,9) = (2,4/2,¢:0)c(a7%, 4/ 2% 40

denote the quintuple product. In a recent paper [10], two of the present authors proved the
following result: if we define the quantities b,, via

B(q) == Q(¢*,¢")Q(¢*, a"*)Q(¢°, ¢"*) =: Y _ bud",
n=0

then by313 = bigr9 = bigp1n = 0, for all ¢ > 0. This led us to ask if there existed other
products of quintuple products with coefficients that vanish in arithmetic progressions. This
paper explains the vanishing for pairs of quintuple products by addressing the following:

When do products of the form Q(q", ¢*)Q(¢*, ¢*) have p-dissections explaining
instances where coefficients vanish in arithmetic progressions? What further
information, such as sign patterns and parity follow from these expansions?

Extensive computation suggested that systematic vanishing occurs when the exponents
r,s are linked to a representation of the prime p as the sum of two squares when p = 1
(mod 4). For b, m, n positive integers and p = m? + n?, we consider the products

(1.2) QU™ )™, ") = Y wd"
t=0
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Our first main goal is to derive, for the components »,_ (mod p) aq’, 0 < r < p-—1, of
the p-dissection, explicit formulae for these components in terms of either products of two
quintuple products Q(—, —) at appropriate arguments (when p = 1 (mod 12)), or in terms
of the products appearing in Winquist’s identity (when p = 5 (mod 12)). We remark that
these product representations of the dissection components were first found experimentally
by considering the dissection components for p = 13,17,29 and 37 and finding that these
could be written as infinite g-products. We then give general conditions implying that two
residue classes modulo p contain only zero coefficients. For instance, when p =5 (mod 12),
one has

(1.3) Apt+bw(1-3bm) = Apt+bw(1-3bm) = 0, w = 2(m +n) (mod p).

A similar representation exists for the vanishing classes of coefficients when p =1 (mod 12).
We also analyze the coefficients of the quotient

Q" ¢")Q(d™, ¢")
(g7 ¢7)2
showing that, after ignoring finitely many initial zero terms, the signs within each residue

class modulo p follow explicit, predictable patterns.

The dissections in this paper are made possible by the dissection formula of Liu and Yang
[15, Thm. 2| for products of pairs of triple products (z; ¢)., where throughout this paper we
use the notation

(1.4)

Y

(@)oo = (2,4/2,¢: Q)0 and  (21,.. ., 2k Qoo = (21, Qoo+ * (285 @)oo

By applying these formulae in Theorem 3 for (—uq; ¢*)oo(—v¢; ¢*) oo, and using further rela-
tions for (z; )0, we derive p-dissections for Q(¢"™, ¢*)Q(¢"", ¢P) for any prime p = 1 (mod 4).
An example of the dissections from this class appears in Theorem 1, a special case of Theorem
3 addressing p = 1 (mod 12).

Theorem 1. Let p =1 (mod 12) with p = m*+n? and b be a positive integer as above, with
3|n. If m =1 (mod 3), then

Q¢ ¢")Q(¢™, ¢")

3
—

k(Bk—1)p (p—m—n)p 2 _ (p—m+n)p
T Qg Qg T e ).

J

_ 3bkm-+
= q
0

e
Il

When p =5 (mod 12), the dissections involve a product appearing in Winquist’s identity.
A typical dissection from the more general Theorem 4 is given in Theorem 2 below.

Theorem 2. Let p=>5 (mod 12) with p = m? + n?, let b be a positive integer, and let

W (a,b,q) = (a,b, ab, &; q)oo(q; ¢) 2.
If m+mn =0 (mod3) and

m+n 3p? m—n 3p?
o = 3kmp + 3bp — ¢ L A S R 30"

2 2 2 2
(1.5) Yk = 3bkm +p[k(%—1) + (1= ns)(kn+ (p—l-m—g(l—l-ps))) ’



one has

(1.6) Q(qu, qp ZquW ak/3 (ﬁk —nsp?)/3 qu).

The p-dissection we derive lets us recover our vanishing coefficient results like (1.3) fairly
easily—see Corollaries 3 and 5. The dissections also allow us to derive explicit, eventually
periodic sign patterns for the coefficients of the quotients (1.4), with period p, and tabulate
these patterns in representative examples—see Corollaries 4 and 7. Finally, the form of the
dissection components allow us to show that certain p-components vanish modulo 2.

We make this preview of the results in the paper a little more concrete by briefly de-
scribing some particular examples that are given later in the paper of the general results
described above. In Example 1, it is shown for Q(¢'°, ¢"*)Q(¢"'?,¢'3) that one has (with
the notation of (1.2)) a13:16 = ai3t+9 = 0. Example 2 shows (apart from some initial zero
coefficients) for the same function, that the signs of the sequence of coefficients a; is peri-
odic modulo 13, and states this sign pattern explicitly. Examples 3 and 5 exhibit similar
results for the function Q(¢?, ¢'")Q(¢® ¢'") =: > 77, arq®>. Example 4 shows for this same
function that ai7i45 = a17ir10 = 0 (mod 2). Example 6 states explicitly the 13-dissection
of F(q) := Q(q* ¢"*)Q(¢?, ¢'®) and hence derives several partition theoretic results from the
13-dissection of F(q)/(q"%;¢')% . Example 7 similarly states explicitly the 17-dissection of
Q% "N Q(¢®, ¢'™) and likewise derives some partition theoretic consequences.

The remainder of the paper is organized as follows: Section 2 records notation and prelim-
inary lemmas, including the including the dissection identities for the triple product. Section
3 proves the main p-dissection formulae for the case p = 1 (mod 12) and derives vanishing
and sign consequences. Section 4 treats the case p = 5 (mod 12) via Winquist’s identity.
Section 5 gives combinatorial interpretations for some cases, and Section 6 lists concluding
remarks and open problems.

2. PRELIMINARIES

Throughout this paper, p denotes a prime satisfying p = 1 (mod4). For fixed p, “over-

barred” quantities (such as m) indicate multiplicative inverses (mod p). Expressions of the
a

form ¢ (modp) with (b, p) = 1 are understood to mean ab (modp). Let

(21, 20 Qoo = (21 P oo (23 Doy With  (210)0 = (2,0/2, ¢ @) oo-
It is straightforward to check that
(275 @)oo = =272 @)oo
We recall the Jacobi triple product identity

o0

(2.1) > (=)' " = () = (2,4/2.4:9)e for g] < Land z #£0,

n=—oo

and recall several equivalent versions of the quintuple product identity, namely

(22) Q(z,9) Z g IR (1 = 2") = (25 9o (477, 4/ 2% 6 ) o

n=—oo

= (—q2%¢*) o — 2(—*2"; ¢*) oo,



again for |¢| < 1 and z # 0.

In discussing a g-series, say Y, , a:¢", for 0 <7 < p — 1 the  (modp) component of the
series is ), Qg When p is fixed and there is no risk of confusion, we may simply
refer to the “r-component” of a series.

It is elementary to verify the (equivalent) equalities

(=0"¢") 0 = (=" ¢") e and  {=¢"1¢")00 = " (0" ¢ ) o0
so that the z in (¢%; ¢¥) o may be shifted up or down by y at a “cost” of ¢ or ¢¥~*, respectively.

Applying these shifts multiple times, we have the following useful equalities, which we record
in a lemma for convenient reference.

Lemma 1. For all integers t, one has

(2.3) <_qx+ty; qy>oo _ q(yfx)t+i(t;1)y <_qr; qy>oo,
_ _t(t41)s
(2.3) (=" Mo = ¢ 7 (0% ¢V se

The following elementary lemma is also quite useful for our arguments.
Lemma 2. If y > 0 is an integer and x =0 (mod y), then (¢*;¢¥)s = 0.

Proof.  As (¢":¢")s = (¢, 4", ¢”; V) has factors (1 — ¢®t%) and (1 — ¢~ =+(¢+DY) for all
integer ¢ > 0, if y divides x then, for some ¢, one of these factors will be (1 —¢°) = 0. OJ

The following is a specialization of a general result due to Liu and Yang.

Lemma 3. [15, Thm.2| Let p = m? + n? with a and b coprime. For |q| < 1, one has
p—1
2 m, n m n, .—m n
(24)  (—ug; ool —0G oo = D 4" uF (w0 7)o (—u"0 T ) o
k=0

We aim to use Lemma 3 to rewrite the products of the form
(=" ) oo (=" )
that appear in the expansion of
Q™. ¢")Q(¢"", ¢")
= [<—qp+3”m; 07 oc — ¢ (=" q3p>oo} [<—qp+3b"; 07 oo = q" (=" q3p>oo]-

In particular, if p = m? + n?, then replacing

(2.5)

3p
qg—q2, u—q®* and v—)qb,

equation (2.4) states that
3p

3
(—¢"" 20 oo (—" 7 ") o

= o

(2.6) — akt 3P 3kmp+(am+bn)+¥ . y 3knp+(an—bm)+5. y
=) " (=g 714”00~ 21¢") oo
k=0
Letting
aszm—g and 5:35”_27
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using the pair (o, 3) for (a,b) in (2.6) evidently produces (—gP+30™; ¢*P)  (—gP*3"; ¢%P) o on
the left-hand side there. For the product (—g?*3"™; %) (—¢?~3": ¢*P),, we use the pair
(cv, B+ p); indeed, in this case we have

3
(=73 %) o = (=2, ) o = (=P )

Letting

a0:3bm—g and a0:3bn—g,
using the pair (ag,by) for (a,b) in (2.6) evidently produces (—g¢PT3™ —qgP+3in: 43P on the

left-hand side there. Continuing along this line, in total we find that the pairs

((Zo,bo), (CLO +p7 b0)7 ((Zo,bo +p)7 and (ao +p7 bO +p>
produce the products

e L A (—gBomtP _Btp. 3y
(—stme, B2, 30 and (= gBmt gt giny
respectively.
Definition 1. For all integers k, let
(2.7a) ay, := 3bp + 3kmp — AP 4 3p
(2.7b) By = 3knp + 2P 4 3”
(2.7¢) Ve 1= 3bkm + 3’“ k(@k—Lp

The following is an immediate consequence of Lemma 3.
Corollary 1. Let

y = 3p”.
Then the following expansions hold:
p—1
(2.8a) (=™, =" ) e = ) (=™, =475 ¢") oo
k=0
p—1
(28b) (g, g gy = 7 e (gt B gy
k=0
p—1
(2.8c) (=g, =P ) = R (g P g
k=0
p—1
(2.8d) <_q3bm+2p’ _q3bn+2p; q3p>oo — qvk+pk<_qak+(m+n)p7 _qﬁk—(m—n)p; ") oo
k=0
For all integers ¢, let
tt+1)y
o = % (y = 3p?),

so that equations (2.3) and (2.3') state that
e = 40" 00 and (=¢"Y¢%) 0 = ¢ (4" ¢)ee
5
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Corollary 2. The k-summands in equations (2.8a)—~(2.8d) are all invariant under the trans-
formation k — k + p.

Proof. ~ We prove the statement for (2.8a), namely the general term
(=45 ") oo (=075 ¢") oo
Changing k to k + p, we directly find that
Qhip = Qi + 3Mp* = oy + My,
Brip = Br + 3np® = By + ny,
so that
(=7, =™ ) = (=g ™, =, ¢¥) o
— gle—onm=—on]+[v=Bn—0u] (g™, — % ")
Now observing that
Vitp = Ve + Y + 3kp°,
we simply compute that
Verp + [(y — aw)m — o] + [(y = Bu)n — 0] = + 3p(3p + 6k — 1)(p — m* — n®) =,
and deduce that
G (— g _q5k+p; oo = ¢ (—q", _q/Bk; Voo,
as claimed. The invariance of the terms in (2.8b)—(2.8d) are proved similarly. O
Definition 2. Throughout the remainder of the article, let p satisfy
3mp =1 (mod p),
and define s via
3mp =1+ ps.

2.1. A key dissection lemma. By the definitions of Q(¢"™, ¢*)Q(¢"", ¢*) and a; it is clear
that

(29) Z atqt _ <_q3bm+p7 _q3bn+p; q3p>oo _ qbn<_q3bm+p’ _q3bn+2p; q3p>oo
t=—o0
bm<_q3bm+2p’ _q3bn+p; qu>OO + qu+bn<_q3bm+2p’ _q3bn+2p; q3p>oo7

—q
Lemma 4. Fizr with 0 <r <p—1, let k satisfy
3bkm = r (mod p), 0<k<p-—1,
and for this fized k let
a=as, [=P0 oad v=".
Then the r-component of Q(¢"™, ¢*)Q(¢"", ¢"), namely >,y apprrq™t", is equal to

a—nsp? B+msp?

(=4 —4"¢")oo — (=4 ,—q 10") o0
. q7+§<_qa—msp2 _qﬁ—nspQ; qy>oo 4 q'~{+6+§<_qa—msp2—nsp2 _q,8+msp2—nsp2;

) Y

2.10
(210 7%) o,
6



where
0 = —bnsp+ (1 + ps)p*s,
& = —bmps — kp?s + %(1 + ps)p?s.

Proof.  The equations of Corollary 1 yield that

D ad = (g, =% ¢ )00 = Y @™, =g T )
k

t=—00 k
b+, +pk ap+m; +np.
_ E q YE+P <_q k p’_qﬁk P, qy>oo
k

+ Z qb(m+n)+vk+pk (=g +(m+n)p7 _ q6k+(m_n)p; ) oo
k

2221—22—23+24,

and within each X;, the r-component is determined by some 0 < k; < p — 1 that makes the
“external g-exponent” equivalent to r (modp)'. Specifically, since 7, = 3bkm (mod p), for
1 <4 <4 the r-component of ¥; corresponds to 0 < k; < p — 1 satisfying

(2.11a) 3bkym = r (mod p),
(2.11Db) bn + 3bksm = r (mod p),
(2.11c) bm + 3bkam = r (mod p),
(2.11d) b(m + n) + 3bkym = r (mod p),

respectively. Fixing x such that
3bkm = r (mod p)

then, the quantities
(2.12) ki=k, ke=r—npu, ky=r—mu, and ky=krk—mu—np
satisfy (2.11a)—(2.11d), respectively, and with this fixed x we let

a=a B=p0 and y=7

It remains now to simply expand the k-th terms in each X; using the respective k; from
(2.12). There is nothing to do when k = ky = &, so let k = ky = kK — np and consider the
k-summand of >5. We find that

Qgpy +Np = — nspQ,
6}{—“# —mp = ﬁ + m5p2 - MY,
bn 4+ Ye—ny = 7+ do
where
bo := —bnsp + (1 — 3K)pun + spun(3un — 1)p.
Thus, the r-component of 3 is

+6 a—nsp? B+msp?—py.
qu O<_q P y —q b uyvqy>007

'Recall from (2.7a) and (2.7b) that p | ax, and p| B, respectively.
7



and we apply (2.3) to simplify this to

2
1
gt P gy with 8 = —bnsp + p°s(1+ps) 6+ ps).
The analogous formulae for X3 and ¥4 similarly follow by direct computations and applica-
tions of (2.3'). O

3. THE CASE p =1 (mod 12)

The assumption that p = 1 (mod 12), in particular the assumption that p = 1 (mod 3),
implies that either m or n must be 0 (mod3). As our arguments (previous and following)
are symmetric in m and n, no generality is lost in assuming that n = 0 (mod 3). With this
assumption, recalling that 3mu = 1 + ps, in this section we set

N := E
3
The goal of this section is proof of the following theorem:.

Theorem 3. Let p = 1 (mod 12) and p = m? + n?, with m and n positive and such that
3|n. Let b be a positive integer.

(3) If m =1 (mod 3), then

p—1

m n mp+ E=m=m)p
B1 QU™ PR ) =D QT ¢
k=0

2 2

_ (p—m+n)p
)Q(g T 7).

(3) If m =2 (mod 3), then

p—1

i n by kmpt AR
(32) Q™R d) =Y qHQg T g
k=0

2 (p+m—n)p
)Q(¢™™ e ¢”).

Proof.  In short, we aim to show that in the first case, all r-components (0 < r < p—1) of
both sides of (3.1) are equal, and similarly for (3.2) in the second case. Thus, as in Lemma
4, fix r with 0 < r < p —1, let x satisfy

3bkm = r (mod p), 0<k<p-—1,
and for this k let
a=as =08, and y="..
By Lemma 4, the r-component of Q(¢"™, ¢?)Q(q"", ¢P) is
(07 a—MNsS 2 ms 2
(—4% =" 4" )00 — =" =" V) o

& — (=g T =g T ) oo (g g )

where

d = —bnsp + %(1 + ps)p*s and £ = —bmps — kp*s + %(1 + ps)p?s.



Now under our assumptions that 3|n and NV = %, we may further reduce (3.3). In particular,
as nsp® = 3Np*> = Ny, (3.3) becomes

(07 (07 —0 (073 ms 2
0(—q", —q"; ¢")oo — q TN TN (g gFtmert gy

_ HE+HIBN—oN] a—msp?

q (—q 0% 4"

+q"/+5+f+[(OC_WSPQ)N_O'N]+[(5+m5p2)N_0'N]<_ a—msp? _

2
q , =gt

4%) oo

which we see can be factored as
(0% —0 a—ms 2
q" ((—q @YY — qE TN TN gomep ;qy>oo>
(e} —0 ms 2
x <<—qﬂ;qy>oo — g leN=onl(_gftmsp ;qy)oo> :

We now pause to consider the right-hand sides of (3.1) and (3.2). Recalling that

(3.4)

Q(2,q9) = (—2°¢; ¢*) oo — 2(—2°¢*; ¢*) o,
if A and B are some quantities, then
2 2 2 2
Qg™ ¢ )Q(¢", ¢ ) = <<—qA+p 1 @)oo — ¢ (—gT ;qy>oo)
x (<—q3+p2; Voo — ¢P1P(—qPT¥, qy>oo> .

Comparing (3.4) and (3.5), we want to select A and B to i) equate the two expressions; and
ii) to have [at least one of| A/3 and B/3 be integral. Evidently, to equate (3.4) and (3.5) we
want

(3.5)

A=a—7p° or A=2p*—aq,
and
B =3 — p? or B =2p* - .

For our second condition, dividing these potential A and B by 3, we see that

— p? —m — In? —
3 6 3 6
and
— p? — In2 — —
63}9 Zfinp+—<p+ﬂé n)p and p3 Bz—f-mer—(p ”é+n)p.

Thus, our choices for A and B are made to ensure at least one of the numerators in each
pair is 0 (mod6). Already we know that p £ m £ n = 0 (mod 2), so it remains only to
consider p = m £ n (mod3). We have assumed that p = 1 (mod 3) and n = 0 (mod 3), so
our choices for A and B depend only on m (mod 3).

Focusing on the case m =1 (mod 3), we see at once that

a_p2:bp+mmp+—(p_m_n)p and 2p2—ﬁ:_lm+—(p—m+n)p
3 6 3 6
are integral. Then letting




in (3.5), one may directly verify that (3.4) and (3.5) are equal, and we deduce that

[ee]
tp+r . bp-+rm _;'_(P*W*H)P 2 —kn +(p7m+n)p 2
E Apprq™ —q7Q<qp P s ,q" )Qlg ™ s ,q" ).

t=—00

As 0 <r < p—1 was arbitrary, equation (3.1) follows at once, proving part 3 of the theorem.
For the case m =2 (mod 3), we now have

(p+m+n)p and
6 3

20° —
3
are integral, and letting

B—p? (p+m—n)p
(S — W R)E
np + 6

=—bp—kmp+

A=2%"—« and B =3 —p?

in (3.5), one may directly verify that (3.4) and (3.5) are equal. Thus, in this case the
r-component of Q(¢"™, ¢?)Q(¢™, ¢P) is

[e'S)
tpdr . —bp—kmp+ (ptm+n)p p2 Knp+- (ptm—n)p P2
E atp+7'q - qu Q <q 6 » g Q q 6 , q )

t=—o0
and equation (3.2) similarly follows by summing over 0 < k < p — 1, which completes the
proof of the theorem. 0

Corollary 3. For p=1 (mod12), and m, n and b as in Theorem 3, let
w = 2(m +n) (modp),
and let the sequence {a,} be as defined at (2.9). Then for all integers n one has

Apn+bw = Apntb(w—3b) = 0.

Proof.  Recalling from Lemma 2 that (¢*;¢")o = 0 whenever Y > 0 and X =0 (modY’),
it is evident that Q(¢%,q¢") = 0 under the same conditions; our aim is to apply this to
the @-factors in (3.1) and (3.2). First supposing that m = 1 (mod3), by Theorem 3 the

r-component of Q(¢"™, ¢*)Q(¢™, ¢P) is

o
tptr _ 3brmt £(Br—1)p bp+rmp+ (p—m-m)p P2 —knp+ (p=m+n)p P2
> " g™ =g 2 Qg s ,q")Q(q s ,q"),

t=—o00

where 0 < k < p — 1 satisfies 3bkm = r (mod p). We first show that all atpip, = 0, so let
r = bw (modp) and let  satisfy

(3.6) 3bkm = bw (mod p).
From relation (3.6) and the fact that p = m? + n?, it is easy to check that
6xn = mn(m +n) = m(mn —m?) =n —m (mod p),

where mm =1 (mod p), so let

(3.7) 6kn =n —m + pK.
As such, we have
_knpt (P=mtn)p (1-K)p?
(3.8) Qg™ 5 " ") =Qq & .¢"),

10



and so, to apply Lemma 2, it suffices to show that K = 1 (mod6). From (3.7) and our
assumption that p = 1 (mod12), evidently K = m — n (mod6). Observing then that
m —n = 1 (mod?2) (trivially) and that m —n = m = 1 (mod 3), it follows at once that
K =1 (mod6), whence (3.8) is identically 0. Thus, all a;,+y = 0 when m =1 (mod 3), as
claimed.

Turning to the quantities Gy pw—gp), Now let 7 = 3bskm = b(w — 3b) (modp), so that
6km = —6b + m +n (modp), and write
(3.9) 6km = —6b+m +n+ pK

for some K. Then

bp+rmp+ =M= 2 (1+K)p? 2
(3.10) Qg™ e ") = Qg "),
and now to apply Lemma 2 it suffices to have K = —1 (mod 6); reducing (3.9) (mod 6) we see
that K = —(m +n) (mod6), and our assumptions on m and n again lead us to the desired
conclusion. Thus, expression (3.10) is equal to 0, and it follows that all aqpw—35) = 0.

The arguments for the case m = 2 (mod 3) follow completely parallel arguments using
(3.2) in place of (3.1), which completes the proof of the corollary. O

Example 1. Let p = 13 = 22 + 3% and b = 5 in Corollary 3, and let the sequence {a;} be
defined by

Q(q107q13)Q(q157q13> _ Zatqt-
t=0

Then
w=9 (mod13), bw =6 (mod13), and b(w —3b) =9 (mod13),
whence for all integers ¢, one has

13146 = A13t+9 = 0.
3.1. Sign patterns when p =1 (mod 12). We recall that
(3.11) Q¢",¢") = (¢, "5 @)oo (@, 0" 4% ) oo (075 0 ) o
Lemma 5. For a given integer ¢, let
C=7r+hp with 0<r<p-1

One has

(3.12) (@' 0)o0 = (DTG 0

(3.13) Q' ¢) =T Q ).

Proof.  Supposing that ¢ > 0, so that A > 0, one can easily check that
(3.14a) (@) = (=)' (@ 0T )
(3.14b) (@000 = (=)@ )00 47 ) oo

where we have used the standard g-Pochhammer notation (z; q)y, := Hz;é(l —2¢*). Equation
(3.12) then follows from (3.14a) and the observation that

(3.14c) (¢"; ") ("5 0o = (@75 6")
11



and equation (3.13) follows from (3.14a)—(3.14c) and the observation that

(@) (@5 %) oo = (775 ¢ ) oo

When ¢ < 0, it is convenient to instead write £ = r — hp with A > 0, and similar, direct
computations again establish (3.12) and (3.13). O

Lemma 6. For fized integer ¢, let
{=1r+hp with 0<r<np,

and define ¢ = €({) via

__ {0 0<r<?

1 2<r<p-1
Then for some set S C Z>o, one has
(3.15) Q¢ ") yq" T —a"
nes
where H = e(p — 2r) — 3hr — w.
Proof.  TIf p | £ then Q(q% ¢?) = 0 = (1 — ¢°), so we suppose that (£,p) = 1 and (conse-
quently) that » > 0. By (3.11) and (3.13), we have
—3hp— 2GR ZLp —r r r
QU d") =" T (T 0o (6T ) X (@75 4P

and the factor (¢", ¢"™", ¢"; ¢°) oo (¢"T%"; ¢*") s is a product of terms (1 — ¢™) with n running
over some subset of N (thus, no factors are repeated), say

(@ " 5 )o@ 4o = T (1 = ).
neSy

When 0 < r < &, the remaining factor (¢"~?"; ¢* ) is similarly of the form Hnes (1—q") for

some Sy C N. Noting that r, —r, 2r, and —2r must all be distinct (mod p) since (r,p) = 1,

it is evident that S; and Sy are mutually exclusive, and thus (3.15) follows in this case.
When £ < r < p we similarly have

(@000 = =" T (L= )@ 4o = = [J (1 =),
nes)

for some S, C N. It is again easy to see that S; and S} are disjoint subsets of N, and (3.15)
again follows. O

Corollary 4. Let p =1 (mod 12), p = m? +n? with m,n > 0 and 3|n. Let b be a positive
integer coprime to p and define the sequence {b,} by

Q" ¢")Q(¢"", ¢")
3.16 bnq".
(316) (q73 q7)2 nz_:oo
Fiz 0 <r <p—1 and k satisfying
3bkm = r (mod p), 0<k<p-—1.

12



For i = 1,2 and integers {;, let r; be the “least positive residue of ¢; (modp)”; that is, r;
satisfies £; = r; (mod p) with 0 < r; <p— 1. Finally, define e; = ¢;(¢;) via

{o 0<r <L,
E; = p
1 5 <Ti <p-—1.
(4) If m =1 (mod 3), let
lii=bt+rm+ip—m—n) and l=—kn+i(p—m+n).
Then
(—=1)**"%2by,,. > 0.
If m =2 (mod 3), let
by :=—=b—rm+g(p+m+n) and  ly:=rn+g(p+m—n).
Then
(—1)**"%2by,1 > 0.

Proof.  Starting with the dissections in Theorem 3, we replace ¢ by ¢” in Lemma 6 and
then apply said lemma to each term of the dissection. After dividing by (¢”; ¢*)%,, we expand

2 _ 2 2
(@"5¢")00 = (&0, 0”5 dP 7P 7 )
and cancel all the g-products in the numerator of each resulting infinite product from

Lemma 6. 0
Example 2. For p = 13 = 22 + 3% and b = 5, the signs of the coefficients by3,4,, r =
0,1,...,12 are as shown in the following table (after ignoring any initial zeroes).

r |0 123 4 5 6789 10 11 12

sign of bigra, | —1 1 1 1 —1 -1 0 1 1 0 1 1 —1

The zeros indicate the vanishing coefficients in the progressions r = 6,9 (mod 13), as shown
in Example 1.

4. THE CASE p =5 (mod 12)
Lemma 7 (Winquist’s identity [28]). For complex a, b, and q, with |q| < 1 and a,b # 0, let

(4.1) W(a,b,q) = (a,b,ab, &; q)eo(q; ¢) -
Then

2
a a
(4.2)  W(a,b,q) = (a®,0°q; ¢*) oo — b(a®,b’¢%; ¢*) o — g<a3q, b’ ¢%) oo + g(a‘q’qQ, b5 ¢%) o

We illustrate the “broad strokes” of our derivations. First, we recall that

o0
D 4™ = (=" =" ¢")o0 — (=T, =T ) o
(4.3) ;==

—_ q"/+§<_qa—msl’27 _qﬁ—”SP2; qy>oo + q7+5+5<_qa—(m+”)sl’

2

B4+msp?—nsp?.
y —q )

4”) oo
13



where «, 3, v, ¢, and £ all depend on some fixed k satisfying 3bkm = r (mod p). Next, if A
and B are some quantities, then Winquist’s identity (4.2) yields that

B+p? B+2p?

A B 2 B
W(—q%,—q3,¢") = (—=q¢*, =" ¢") oo + 03 (—¢*, """ ¢")

A—B 2A—-B A+2p2

A—B 2
— ¢ (=" =" ) — 0 7 (=" 0" ")
Our goal is to determine some A, B, and x (all depending on r and k) such that

),

(4.4)

- ,
(4.5) Z Ui P = QW (=3, —gP3, P

j=—o0

and we approach this by changing the triple product terms (—¢*; ¢¥)s (using e to denote a
generic quantity) in (4.3) to resemble the terms in (4.4), and then ensuring that “external”
factors ¢* match afterwards.

We now introduce a handful of assumptions and definitions. We recall that

3mp =1+ ps,
and note that since p = 2 (mod 3), it follows that s = 1 (mod 3). Now suppose that
m = —n (mod 3),

and let us explicitly say that
(4.6a) m=2 (mod3) with ms=2+3M and —-ms=1-3(M+1),
(4.6Db) n=1(mod3) with ns=14+3N and —ns=2-3(N+1).

It is convenient now to let

3

With this and relation (2.3'), the last term of (4.3) is

(—q* ™, _qB—n5p2+m5p2; ¢")oo = ¢*7 T (—¢", _qﬁ—nszv2+m8p2; ") oo,
and we can rewrite the right-hand side of (4.3) as
) (=% =" ") +2q7+6+§+[0¢72—07} (—q°, _qﬁ—n8p2+m8p22; oo 2
A O e Y T L

and this latter expression is now (somewhat) reminiscent of the right-hand side of (4.4). In
particular, we are motivated to set

A=« and B := 3 — nsp?
in (4.7), which changes said expression to

q'y<_qA7 _qB+”5P2; qy>oo + q’Y+5+§+[O<T—UT] <_qA7 _qB-l—mspz; (]y)oo
(4.8) : )
— g BT Y — T (=T P )

Now using (4.6a) and (4.6b), we have

nsp? —B—p>)N—0 2
' (—q", =BT @YY o = TN BTPON TN (g A B vy

___B+msp?

q7+§+§+[a’r—o¢] <_qA’ q : qy><>o _ q'y+5+£+[a7'fa.,—]+[(y7872p2)]\/[70'M] <_qA7 _qB+2p2; qy)oo

14



Comparing these with (4.4) and (4.5) suggests that we take

(4.9) Xk =7+ [y —B—p )N —onl,
which, we are able to simplify to the definition
(4.9") Xt = 3bkm + pwy, + p(1 — ns)(kn + W)_

Continuing with (4.6a), (4.6b), and (4.9'), we find that (4.8) is

= (=", —¢" ") + 5 (—g*, =" )
(4.10) — T (=" =P ) — T (" P )
= QW (=q"*, =", ¢")

If, in place of (4.6a) and (4.6b), we instead assume that m =1 (mod 3) and n = 2 (mod 3),
our derivations are nearly identical. Indeed, although our initial “definition” of y; is different
than (4.9), this different form simplifies to be identical to (4.9’), and we again reduce (4.8)
to (4.10).

Summarizing the above derivations, we have the following lemma.

Lemma 8. Let p=>5 (mod 12) with p = m? +n?, let b > 0, and suppose that
m = —n (mod 3).
Fizing 0 <r <p—1, let k satisfy 3bkm = r (mod p). In addition, let
Xk = 3bkm + pwy + p(1 — ns) (kn + Lr=alies)y
Then

o0

_ 2
Z atp+rqtp+r = quW(—qak/3’ —q(ﬁk nsp )/3’ ¢

t=—00

2

).

4.1. The case m =n (mod 3). Suppose that m =n (mod 3), let

o (m — n)s’
3
and suppose that
(4.11a) m=1(mod3) and ms=1+3M, —ms=2-3(M+1),
(4.11Db) n=1(mod3) and ns=14+3N, —-ns=2-3(N+1).

Let
A= oy, — msp® and B = (4,
so that (4.3) becomes

Q=g B ) o + Q=g P g

(412) v+6 A+Ty B+msp?. y Y+E€ A B-nsp?. y
=" (=q"", —q 10") 00 — ¢ (=q", —q 147 oo

This time, we find that

@ (=g tmer* B vy = A o] pAve® B owy

’y+5+£<_ A—nsp? B4y,
)

q q qPY: ) o = @RI o [t Byroer ] gavant B guy

15



and we are motivated to define (cf. (4.9))
Xi =7+ (= A=p" )M — oy
After expanding and simplifying, we find (cf. (4.97)) that
Xj, = 3bkm + pwy, + p(1 — ms) <b+km+’%+ps)_n> ,
and ultimately that (4.12) is
* 2 x| A 2
= =", =" ¢") o + T (=g " ¢
= QI (=g, =P — T B
= W (=", =", "),
with A = oy, — msp? and B = ;.
As in the case m = —n (mod 3), assuming that m = n = 2 (mod 3) in place of (4.6a) and

(4.6b) ultimately yields that (4.12) is equal to ¢cW (—¢B/3, —¢*/3, ¢*"), and thus we have
established the following analogue to Lemma 8.

A+

<_qAa —q

Lemma 9. Let p =5 (mod 12) with p = m? + n?, let b > 0, and suppose that
m = n (mod 3).
Fizing 0 <r <p—1, let k satisfy 3bkm = r (mod p), and let

X := 3bkm + pwy, +p(1 _ ms) <b + km + p—m(lgps)—n> .
Then

r x ap—msp? 2
Z (ltzaJrrqtp+ = qX’“W(—qﬁk/?’, _q( k D )/3’ q°

t=—o00

).

Theorem 4. Let p =5 (mod 12) with p = m? + n?, and let b > 0.
(4) If m = —n (mod 3), then defining

Xk = 3bkm + pwy, + p(1 — ns)(kn + —(p+m_z(1+ps))),

one has

(4.13) Ql¢"™, ¢")Q quw go/3, g/ o

(4) If m =n (mod 3), then defining
Xy = 3bkm + pwy, + p(1 — ms) (b + km + p—fm(lgps%") ,

one has

(4.14) Q"™ ¢")Q qukw /3 _glerms)/3 o).

As a preliminary to proving the next corollary, we note that
(¢":¢" Voo =0 whenever z =0 (modp?)

16
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Corollary 5. Let p, m, n and b be as in Theorem 4, and let m
the sequence {a,;} be defined by

oo

(4.15) QU™ )™, ") =Y ad,

t=0
and let

w = 2(m+n) (mod p).
Then for all integers t, one has

Atptbw(1—3bm) = Qtptbw(1—3bn) = 0
Proof.  First suppose that m = —n (mod 3). Fixing 0 < r < p — 1, the r-component of
Q(qu, qbn) is
q><k[/v(_qak/37 _q(ﬂk—Mll?Q)/?)7 qp2)
(416) qu <_qak/37 _q(ﬁk7n5p2)/3; qp2>00
N (¢*; ¢7)%,
where 0 < k < p — 1 satisfies

X <q(ak+ﬁk*n8p2)/3’ q(ak*5k+nspz)/3; qp2>007

3bkm = r (modp),
and, by Lemma 2, this component (4.16) will be identically zero if either
oy + B = 0 (mod p?) or oy — Br = 0 (mod p?).

Expanding these congruences using the definitions of «aj and (i, we quickly find that said
congruences are equivalent to the relations

(4.17)  3b—n+3k(m+n) =0 (modp) and 3b —m + 3k(m —n) =0 (mod p).

Because p = m? + n?, it is not possible that m + n = 0 (modp), so we may solve these
congruences for k£ (mod p). In particular, using the facts that mn = —mn (mod p), that

m+n=2(m+n) (modp), and that ~ m —n =2(m —n) (modp),
we rearrange (4.17) to find that
3k =2n(m+n)(1 —3bn) (modp)  and 3k =2m(m —n)(1 — 3bm) (mod p),
respectively, which are equivalent to
3bkm = 2b(m +n)(1 — 3bn) (modp) and 3bkm = 2b(m + n)(1 — 3bm) (mod p),
respectively. Thus, one has a4, = 0 for all £ when
r = bw(l — 3bn) (mod p) or  r=bw(l—3bm) (modp),

as claimed. The proof is nearly identical when m = n (mod 3), after making the necessary
changes. 0

Example 3. Let p = 17 = 42 + 1% and b = 2 in Corollary 5. Then
w =11 (mod 17), bw(l—3bm) =6 (mod17), and bw(l—3bn)=9 (mod17),
whence for all integers ¢, one has

17t4+6 = A17p49 = 0.
17



Corollary 6. Maintaining the assumptions of Corollary 5, again let

w = 2(m+mn) (modp).
Then for all integers t, the quantities ayipw and Quyipw—s3p) are even; that is, one has
(4.18) Upttbw = Aprtb(w—3p) = 0 (mod 2).

Proof.  The proof is similar to that of the previous corollary. Supposing that
m = —n (mod 3), for fixed 0 < r < p — 1 the r-component of (4.13) has factors

(4.19) (—qo/3 qp2>oo and <_q(/3k_n5p2)/3; qp2>oo
coming from W (—q/3, —qWBk=nsp")/3 ) where k satisfies 3bkm = r (mod p).
If a, = 0 (modp?) or B — nsp®* = 0 (mod p?), then the corresponding triple product in

(4.19) has a factor 1 — (—¢°) = 2. It is easily seen that these congruences are equivalent to
6b + 6km — (m+n) =0 (mod p) and 6kn +m —n =0 (modp),
which hold when
3bkm = b(w — 3b) (mod p) and 3bkm = w (mod p),

respectively. Thus, (4.18) thus holds in the case m = —n (mod 3); the proof of (4.18) when
m = n (mod 3) follows a nearly identical argument, mutatis mutandis. O

Example 4. Let p = 17 = 42 + 12 and b = 2 in Corollary 6. Then
w =11 (mod 17), bw =5 (mod17), and b(w — 3b) =10 (mod 17),
whence
17045 = 17410 = 0 (mod 2) (t>0).
Indeed, this is reflected in the computations
{a17145 :t >0} ={0,0,0,0, -2, —4, —8, —16, —28, —48, —82, —132, —210, —328, —502, ... },
{a17e410 : t > 0} = {2, 4,10, 20, 40, 72, 130, 220, 368, 594, 948, 1474, 2270, 3428, 5128, . . . }.

4.2. Sign patterns when p =5 (mod 12).
Corollary 7. Let p, m, n, b and s as in Theorem 4. Define the sequence {b,} by

Qg™ ¢*)Q(¢™, ¢* =
@) Sy
(¢%; )%
Fizan0<r<p—1andlet0 <k <p—1 be such that 3bkm = r (mod p).
(7) If m = —n (mod 3), define
(=b+k(m+n)+p—in(l+ps),
U'=b+k(m—n)—1(m+n)+ 3n(1l + ps).

(4.20)

Then
(_1)[f/p]+[€’/p]btp+r > ().

18



(7) m =n (mod 3), define
(=b+k(m+n)+p+i(m—n)—sm(l+ps),
{'=—b—k(m—n)+ zm(1+ps).

Then
(_1)[f/p]+[€’/p]btp+r > ().

Proof. ~ We recall from equation (3.12) that if £ = r 4+ hp with 0 <r <p —1, then

_ Tﬁh(hfl) r
(4.21) (@100 = (=1)"¢7" T (g1 ¢ oo
and certainly
(4.22) (050" = [J(1—q")  for some S C Zs,.
nes

Supposing that m = —n (mod 3), by Theorem 4 the r-component of Q(¢"™, ¢?)Q(¢"", ¢P) is
quw(_qOék/?” _q(ﬁk—n5p2)/3’ qPQ)

(¢”%; ¢"*)2%

% <q(ak+ﬁk_n5p2)/3’ q(ak—ﬁk+nsp2)/3- qp >Oo.

Y

Letting
2
— 1
(= TP mt )+ nl+ps)
3p 3
ay — B + nsp? m+n  n(l+ps)
V= =b+k(m—n)—
3 th(m—n) - ——+ =7,
we have )
<q(ak+ﬁk—nsp2)/37 q(ak—ﬁk+nsp2)/3; qp2>oo — <qp€7 " qp2>00’
and, letting h := [(/p] and b’ := [¢'/p], by (4.21) and (4.22) we have
(4.24) (@030 )0 = ()" [T =) [T =0,
nes nes’
where S and S” are subsets of Z>(, and
h(h —1)p (R —1)p

and H = —h'r —
2 2

Now dividing (4.23) by (q”; ¢)%, the products over S and S’ in (4.24) are cancelled by
(qP; qP)% , and part 7 of the result follows, since the remaining factors in (4.23) have series
expansions with all coefficients nonnegative. The assertion of part 7 is proved similarly. [J

H=—hr—

Example 5. For p = 17 = 42 + 12 and b = 2, the signs of the coefficients by7,4,, ¥ =
0,1,...,16 are (ignoring initial zeroes) as shown in the table.

r 0 1 2 34 5 6 7 8 910 11 12 13 14 15 16
sign of birgsy |1 1 -1 1 1 -1 0 -1 -1 0 1 1 -1 -1 1 -1 1

The zeroes indicate the vanishing coefficients in the progressions r = 6,9 (mod 17), as shown

in Example 3.
19



5. COMBINATORIAL INTERPRETATIONS

Here we give two examples of how to interpret the dissection results combinatorially. For
any set S C N and any n > 0, let Dg(n) denote the number of even-length, distinct-part
partitions using only parts from S, minus the number of odd-length, distinct-part partitions
using parts from S; in addition, set Dg(0) = 1.

Example 6. If we set p =13, n =3, m = 2 and b = 1 in Theorem 3, then after removing
any negative exponents we get

(5.1) Q(¢*d™)Q(d’.¢") = Q¢™,¢"")* = ¢7'Q(¢™. ¢'*)Q(¢", ¢'”) — *Q¢* . ¢'™)?
— *Q(4", ")Q(¢*, ') + ¢ Q(¢°2, ") Q(¢*, ') + ¢ Q(¢*°, ) Q(¢°2, ¢*%°)
+¢°Q(1, )Q(¢%, ') — 77 Q(¢**, ") Q(¢°% ') — **Q (¢, ¢")Q(¢"8, ¢**°)

+°Q(1,¢")Q(¢*, ') — ¢3Q(¢®, ¢")Q(¢", ¢'*°)

_ q24Q<q13,q169)Q(q78,q169) + q12Q(q26,qlﬁg)Q(QGS,QIGQ)-

As has already been shown, the r = 6 and r = 9 components of the above are zero, due in
both cases to their factors of Q(1, ¢'%°). Here we give a combinatorial interpretation of these
identically zero components, and we relate the nonzero components of the dissection to the
corresponding pieces in the series on the left of (5.1) in a combinatorial way.

If both sides of (5.1) are divided by (¢'%; ¢'®)2,, then the left side becomes

Q(¢* ¢")Q(, ¢")

OB T

_ (q27q37q10’q11; q13)oo(q7,q9,q17’ (]19;q26>OO _ ZDAW)QTL,
n=0

where
A={meN: m=+42 43 +7, 49,410, £11 (mod 26)}.
Thus we have that D4(13n 4+ 6) = D4(13n +9) = 0 for all n > 0. As an example, for
n = T4 =9+ 5(13) there are 158 even-length, distinct-part partitions of 74 using parts from
A, and 158 odd-length, distinct-part partitions of 74 using parts from A.
On the other hand, if we consider the part of the dissection containing powers of ¢ with
exponents congruent to 5 (mod 13), then

oo 5( 26 169 52 169
13n+5 _ 4 Q(q »q )Q(q »q )
Z Da(13n +5)q - (q%3; ¢3)2 ’
n=0 ) [e’s)
whereby
Z Da(13n +5)¢"
n=0
_ (4" 0%07) (@, 675 6%) o y (0", 4, 4" ¢"%)oo(@®, "5 ¢*%) e
(¢ @)oo (¢ @)oo
= me,s(n),
n=0
where

Piss(n) == #{(m,m) : m € B,m € C,|m| + |ma| = n},
20



where B is the set of partitions with parts in B, C is the set of partitions with parts in C,
and

B={meN:m#0,£2,+9,£11,13 (mod 26),
C={meN:m%0,+4,4+5 £9,13 (mod 26)},
and |m;| denotes the sum of the parts in the partition m; (or equivalently, |m;| is the integer
that m; partitions). Note that m; = { }, i =1 or i = 2, is allowed, in which case |m;| = 0.
For example, consider n = 96 = 13(7) + 5. There are 609 partitions of 96 into an even
number of distinct parts from A, 547 partitions of 96 into an odd number of distinct parts

from A, so that D4(96) = 609 — 547 = 62, and there are also 62 bi-partitions/partition pairs
(71, m2), with my € B, m € C, and |my| + |ma| = 7.

Example 7. Setting p = 17 = 42 4 1! and b = 2 in Theorem 4, then, after removing any
negative exponents, we get

1
(5.3) Q(¢*,¢'NQ(¢%¢") = (50 Y

— PW(—=g", — 3 39 + W (=", —¢%, ¢%°) + P W (=%, —¢'7, )
—BW (=g, —1, %) + W (—¢%, —¢®, @) — W (—¢"30, —¢11°, ¢2)
— BW (=2, =3, 39) — ¢BW (=g, —¢®, @) + W (=36, —1, ¢*)

F @BW (=g, =%, ¢%°) — W (—¢'®2, —¢'7, ¢®°) — ¢ W (—¢**, —¢'%2, ¢2)

4 q14W(—q102, g q289) . q66W(_q347 7 qzsg) 4 q33W(_q68’ g\ QQSQ)]‘

[W(_q136’ _q687q289> _ qW(—qu, _q51’q289>

It was shown in Corollary 3 that the coefficients in the arithmetic progressions 6,9 (mod 17)
are zero, and this can be also be seen from (5.3), since W(x,z,¢") = 0 for any z and
any positive integer r. Here the combinatorial interpretation of the coefficients that vanish
in arithmetic progressions is similar to that given in Example 6, but the combinatorial
interpretation that arises from equating the non-zero components of the dissection to the
corresponding pieces in the series on the left of (5.3) is different.

If both sides of (5.3) are divided by (¢'7; ¢'")2,, then the left side becomes

Q% ¢'NQ(¢®, ¢"")

N (L

= ("% 0,010 )se(0:0", ¢, 4% ¢* ) = Y _ Daln)q",
n=0

where
A={meN: m=+1,+2,48 +9 4+13, £15 (mod 34)}.

Thus we have that Ds(17n 4+ 6) = Ds(17n +9) = 0 for all n > 0. For example for
n="T7=17(4) 49, there are 56 partitions of 77 into an even number of distinct parts from
A, and 56 partitions of 77 into an odd number of distinct parts from A.

On the other hand if we consider the part of the dissection containing powers of ¢ with
exponent = 2 (mod 17), then

o 2 119 34 289
—*W(=¢"?, ¢, ¢**)
D(1Tn + 2)¢' ™2 = ;
nz% (q289; q289)go(q17; q17>go
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whereby

> Da(17n+2)q"

n=0

5 12 _17. 17 8 9 _17. 17
:—(—q2,—q7,—q10,—q15;q17)oo(q 4,47 54 )oo % (C] 47,4954 )oo

(¢ @)oo (¢:9)s0
= ZP17,2(”),

where
pi7a(n) = #{(m, 12, m3) : M € B, my € C, w5 € D, |my| + |m2| + |73] = n},
where B is the set of partitions with distinct parts in B, C is the set of partitions with parts
in C', D is the set of partitions with parts in D, and
B={meN: m=42 47 (mod 17)},
C={meN:m#0,£5 (mod 17)},
D={meN:m#0,£8 (mod 17)}.
Note that, as in the previous example, m; = { } is allowed, and again in such a case we have
|7Ti| = 0.
For example, consider n = 189 = 17(11) + 2. There are 5013 partitions of 189 into an even
number of distinct parts from A, 5989 partitions of 189 into an odd number of distinct parts

from A, so that D4(189) = 5013 — 5989 = —976, and there are also 976 partition triples
(71, T2, m3), with m € B, my € C, m3 € D and |my| + |m2| + |m3] = 11.

6. CONCLUDING REMARKS

The present paper was motivated by the experimental discovery of products of the form
Q(q",¢")Q(q°, Q7)) with coefficients that vanished in arithmetic progressions, where r and
s are positive integers and p = 1 (mod 4) a prime. After further experimentation, the
connection between r and s was discovered, namely that

(r,5) = (mb,nb), where p=m? 4+ n? some b € N.

However, this is not the end of the story, as experiment suggests the existence of prod-
ucts of the form Q(q", ¢*)Q(¢*, Q?)Q(q", ¢*) with coefficients that also vanish in arithmetic
progressions. For example, experiment suggests that if

Q2:4*)Q(¢*,¢")Q(¢", ¢") = ang",
n=0

then
A13n4+2 = A13n4+4 = Q13n+10 = 0, Vn > 0.

Furthermore, it would appear that in the case of products of three quintuple products,

Q(q", ¢*)Q(¢, ¢*)Q(q", ¢P), this vanishing coefficient phenomenon is not restricted to primes
22



of the form p =1 (mod 4). Experiment also suggests that if

Q7 ¢")Q(¢*,¢")Q(¢, ") = > bud",
n=0

then

bi9n+4 = bign+s = bign+16 = 0, Vn > 0.

We leave it to the reader to spot a possibly required condition, suggested by the two examples,
on the 4, j and k in Q(¢*, ¢*)Q(¢’, ¢?)Q(¢*, ¢*) for vanishing to occur.
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