VANISHING COEFFICIENTS IN PRODUCTS OF QUINTUPLE
PRODUCTS
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ABSTRACT. Explicit arithmetic progressions modulo primes p = 1 (mod 4) are derived in
which the coefficients in the expansions of products of quintuple products vanish. In par-
ticular, if p = m? +n2, and b is a positive integer, and
b b b
S g = (@™, """ ¢*", P> 4" ) o
T (gp, g, gt g, —qr b gp),)

we determine o = a(m,n,p) such that api1q = 0. Our results are proven using involutive
transformations on integer lattices.

1. INTRODUCTION

The study of vanishing coefficients in the series expansions of infinite ¢-products, along
with the periodic behavior of their signs, dates back at least to the work of Richmond and
Szekeres [17]. They studied the coefficients of a number of products, including {d,,} defined
by

Flg) = (T30 ) (@, 0% %) Zdnq,

(¢,4%4%)
where here and subsequently the standard notation (ai,...,aj;¢)s0 = (a1;¢)o0 - (@5 @)oo
with
(a; @)oo == [ J(1 = aq™)
n=0

is employed. Richmond and Szekeres used the Hardy-Ramanujan-Rademacher Circle Method
to show that dy, 3 = 0. They found a similar vanishing result for the coefficients of 1/F(q).
These results were later generalized to infinite families of products in works by Andrews and
Bressoud [2], Alladi and Gordon [1], and the third author of the present paper [13]|. Proofs
of these latter results relied on a special case of Ramanujan’s ;¢ summation formula.
Related results have appeared in a large number of works, including [3, 4, 5, 7, 9, 10,
11, 14, 15, 18, 19, 20, 21, 22, 23, 24, 25]. The strategies of proof in each case range from
the Circle Method to the use of g-hypergeometric identities and transformations; and series
dissections. Each approach is often motivated by computer algebra experimentation.
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In this paper, we derive conditions for vanishing that apply to {a,} defined by

(L.1) i wd — (g2, qp=2bms q2on gp=2n gP
. gt =
(qP, —g"™, —qp=tm, —gbn, —qp=tn; qP)2
n=0 00
= (" " " P P 47 0P ) oo
% (qp—2bm’ q%m—&—p7 qp—an7 q2bn+p; (]21))007

for primes p = 1 (mod 4), p = m? + n?, and b a positive integer. These vanishing condi-
tions arise from symmetries in the expansions of products of two instances of the Quintuple
Product Identity appearing in Theorem 2.

Recall that the quintuple product is defined by

(2% @)

(1.2) Q) = 0=

where (a;q)s := (a,q/a,q; q)s, and note that (1.1) becomes

o0

> ang" = Q"™ )Q¢™ ).

n=0

For usage in what follows, we recall two equivalent versions of the Jacobi triple product
identity (see, e.g., [9]):

Theorem 1. For |q| < 1 and z # 0,

(1.3) (=20 = (24,0,
and
(1.4) > (=)' = (2 )

We also recall the Quintuple Product Identity referred to above.
Theorem 2 ([6]). For |q| <1 and z # 0, one has

Qzq) = D ¢® A1 - 2¢") = (5 0)00 (477, 4/ )

n=—oo

(1.5)
= (02" Yoo — (=02, ")
Throughout this paper, for fixed p, “overbarred” quantities (such as m) indicate multi-

plicative inverses (mod p); for instance, if (m,p) = 1, then m is a (fixed) solution to the
congruence

mm =1 (mod p).
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Theorem 3. Let Q(z,q) be as at (1.2), let p =1 (mod 4) be a prime, and m >0, n > 0 be
integers such that p = m? 4+ n2. Let b > 0 be an integer, and let the sequence a; be defined

by

oo

(1.6) Q"™ )R ") =) ",

=0
Let
w = 2(m +n) (mod p).

(3) If p=1 (mod 12), one has

(1.7) pttwb = pt+ (w—3b)p = 0 (for all integers t).
(3) If p=>5 (mod 12), one has
(1.8) A4 (1—3bm)wb = Cpt+(1—3ba)wh = 0 (for all integers t).

In a previous paper [8], the present authors determined the p-dissection of the infinite
product on the left side of (1.6) explicitly, and showed that the components of the p-dissection
corresponding to the arithmetic progressions with vanishing coefficients vanished identically
(due to the appearance of infinite products of the form (1; qp2)oo). In that paper we also
showed that in those arithmetic progressions where the coefficients do not all vanish, the
sign of those coefficients was constant, and we determined those signs explicitly. Some
combinatorial interpretations of the analytic identities were also given.

In the present paper we give a proof of the vanishing coefficient results in Theorem 3,
which is fundamentally different from the one given in [8]. This time we work with the
product Q(¢"™, ¢*)Q(¢"", ¢?)(¢*"; ¢*7)2, (the additional factor (¢?7; ¢*P)2, does not affect the
vanishing of coefficients in arithmetic progressions modulo p). This time we use the Jacobi
triple product identity (cf. Theorem 1) to write

Q4" )R, ") (@™ )2 = (4" @)oo (@™ @)oo ("™ 4) oo (B 2" 47 ) oo
— Z (_1)F1(r,s,u,'u)qG’l(r,s,u,v)’
r,8,U,VEL

where

Fi(r,s,u,v) =r+s+u+uv,
1 1
G1(r, s, u,v) = bmu + §pu(u — 1)+ bnv + §pv(v - 1)
(1.9) +r(p—20m) +pr(r —1) 4+ s(p — 2bn) + ps(s — 1).

We next restrict the last sum to contain only terms in which the exponent of ¢ is congruent
to br modulo p with 7 representing one of the four residue classes w, w—3b, (1—3bm)w, (1—
3bn)w that appear in the arithmetic progressions with vanishing coefficients in Theorem 3.
This can be achieved as follows. If

G1(r, s,u,v) = br (mod p)
= bmu + bnv — 2bmr — 2bns = br (mod p)

= mu + nv — 2mr — 2ns = 7 (mod p)
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= v = 2mrn — mun + 70 + 2s (mod p).
Hence if one makes the substitution
(1.10) v — 2mrn — mun + TR + 2s + pu

in Fi(r,s,u,v) and G1(r, s,u,v), then the new sum will contain exactly those terms in which
the exponent of ¢ is congruent to br modulo p.
Suppose this restricted sum is represented as

Z (_1)FQ(T,S,U,U)qG2(T’,S,U,U)’
(r,s,u,v)EZ*
where the aim is now to show that this sum is identically zero.
Alternatively, writing
Go(r,s,u,v) — bt
p

(which corresponds to dividing the previous sum by ¢” and then replacing ¢ by ¢'/?), so
that the aim now becomes showing that the series

(]_]_2) Z (_1)f(T,s,u,U)qg(r,s,u,v) —. Z CNqN

(r,s,u,v)€Z4 N

(1.11) g(r,s,u,v) :=

vanishes identically (for consistency of appearance we have used f(r, s, u,v) := Fy(r, s, u,v)).
To make the discussion which comes next, which involves matrices and vectors, take up less
space, we define
x = (r,8,u,v).
The vanishing of the sum (1.12) is achieved by showing that for each of the four arithmetic
progressions in Theorem 3 there exists a matrix A € Z*** and vector b € Z*, such that the
map

(1.13) x+— x = Ax + b,

the matrix A and the vector b have the following properties:
(1.14) A?-1=0,

(1.15) (A+I)b=0

(1.16) 9(x') = g(x),

(1.17) f(x) = f(x)+1 (mod 2).

Note that the first two properties show that the map at (1.13) is an involution, since
(x')=A(Ax+b)+b=A’x+ (A+I)b=x.

The second pair of properties show that for any integer N, the terms that contribute to the
term cyq™ at (1.12) can be grouped together in pairs ((—1)7®gs®) (—1)7&)gx)) of equal
exponent in ¢ but of opposite sign, so that the entire sum vanishes, giving the result.

Once the matrices A and the corresponding vectors b are found, verifying that the stated
properties hold is a straightforward computation (although most easily done with a computer
algebra system such as Mathematica). Finding the form of the matrices A and the vectors
b involved finding these for enough primes and corresponding 7 to guess at the general form

(which then can be verified, as indicated). We discuss this experimentation below.
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2. NUMERICAL INVESTIGATIONS

Initially, for various primes p we considered the series expansion of products of the form
Q(F, ")Q(d", ¢?) = > 72, al"gt, for 1 < j, k < p—1 and looked for arithmetic progressions
modulo p in which all the coefficients vanished.

It soon became apparent that this vanishing coefficient phenomenon occurred only for
primes p = 1 (mod 4). Further investigation revealed that it occurred for pairs of exponents
(4,k) of the form (j, k) = (bm,bn), where p = m? + n? and b € N. These investigations

suggested that in this situation, a;ifczgl "
and d and also allowed us to guess formulae for ¢ and d. In particular, for p = 1 (mod 12)
one pair was (¢, d) = (0,w), where w = 2(m + n) (mod p).

One method of proof that occurred to us was the “involution” described above at (1.13)-
(1.17). For example, for a given prime p = 1 (mod 12) one finds m and n such that p =
m?+n? and 3 | m and selects one of the 7 found experimentally, such as 7 = w := 2(m +n).
Then using a computer algebra system such as Mathematica one follows through the steps
described in the introduction as far as computing g(x) as described at (1.11).

Next, one sets up a matrix A with entries a;; to be determined, and likewise a vector b
with entries by to be determined. One computes X' := Ax + b as at (1.13) and then the
difference g(x’) — g(x), which we wish to be identically zero. Regarded as a polynomial in r,
s, u and v, setting the coefficients of this polynomial equal to zero gives a system of fifteen
quadratic equations in the a; ; and b for which we seek integral solutions.

Each of these equations may have, in some cases, hundreds or even thousands of solutions,
so attempting to solve all fifteen equations simultaneously with a single Solve[] command
is not practical, time-wise. Our initial method was to solve the system one equation at a
time (with some preliminary testing to determine which equations are most easily solvable),
then once a quadratic equation has been solved, each solution is fed back into the system of
equations, which has the effect of making some of the quadratic equations linear, and hence
easily solvable for one variable in terms of the other variables. One then feeds these solutions
into the system of equations, moves on to solve another quadratic equation and repeats the
process with the resulting linear equations.

With careful management the method will eventually produce two solutions in a reasonable
amount of time, one being the trivial solution (A = I, the identity matrix, and b = 0) and
the other being the “involution” solution we sought. However, the method was speeded up
when one of us made the observation that g(x) may be represented as

= 0 for all integers ¢t and some pair of integers ¢

(2.1) g(x) =x'Qx + z'x + ¢,
for some matrix Q, vector z and integer c¢. Then g(x') — g(x) = 0 implies that

A'QA =Q,

or that A is in the automorphism group of Q. There are commands, such as gqfauto()
in PARI/GP, that will compute the generators of the automorphism group. These can be
imported back into Mathematica and the full automorphism group generated. Omne then
cycles through the full automorphism group, letting A be each of these matrices in turn,
giving numerical values for the a;; in the fifteen equations mentioned above, and then the

remaining equations solved for the by.
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Regardless of the method used, one then generates sufficient numerical data to identify the
various sub-cases in which the matrices A and vectors b have different forms, and sufficient
data to identify these forms. What follows is a somewhat idealized description of how
experimentation led to the formulae for A and b in one case. We write “idealized” as this
outline is a result of hindsight, and in reality the progress from experimentation to formulae
was less straightforward and involved more experimentation and guesswork. One reason for
this, for example, was that for p = 13 and 7 = 9 the formula for v at (1.10) gives

v — 42r + 2s — 21u + 13v + 63,
whereas our initial experiments reduced coefficients modulo 13 and used instead
v — 3r+ 25+ du+ 13v + 11,
which led to different solutions for A and b than those in Table 1, so that the pattern was

not nearly so obvious.

Table 1: The computation of the matrix A and the vector
b for various primes p = 1 (mod 12) and 7 = w = 2(m +

p [m|n|w A b | (F()— /() (mod 2)
130 6 -4 ~19
20 1 —-10 6 29
1313129 12 0 -7 4 20 1
60 0 —30 19 87
10 0 -4 9
8 1 -4 2 14
37 |6 1|22 00 1 a 5 1
00 0 1 0
~193 0 96 —20 _578
932 1 —116 24 694
61 011 190 0 —97 20 579 1
9784 0 —1392 289 8398
85 0 42 —16 589
32 1 -16 6 991
73 42 84 0 —43 16 590 1
672 0 —336 127 4641
2325 0 162 —24 —993
732 1 —366 54 9935
97 Il 394 0 —163 24 994 1
6588 0 —3204 487 20115




-13 0 6 —20 —123
4 1 -2 6 37

109 | 3 |10 | 61 12 0 -7 920 194 1
12 0 -6 19 111

Mathematica was used to generate the matrices A and the vectors b in Table 1, for various
primes p = 1 (mod 12) and 7 = w = 2(m + n). As it turns out, these are exactly what
one gets from the formulae for A and b in Case 1 of the proof of Theorem 3. Of course
one does not have those formulae initially and one next proceeds to try to determine them
from consideration of commonalities in the matrices and vectors in Table 1. Most obvious
of course is column 2 of the matrices. One also observes other common features such as
aj4 = —azq = —2mn/3, etc., etc. Proceeding in this manner and attempting to solve the
general system of equations with these clues, one eventually determines the forms for A and
b stated in Case 1 of the proof of Theorem 3. The forms for A and b stated in the other
cases of the proof of Theorem 3 were derived similarly.

3. PROOF OF THEOREM 3

In this section we give our proof of Theorem 3. For convenience, we restate this theorem.

Theorem 3. Let Q(z,q) be as at (1.2), let p = 1 (mod 4) be a prime, let m > 0, n > 0 be
integers such that p = m? +n% Let b > 0 be an integer, and let the sequence a; be defined
by

(e 9]

(3.1) QU™ Q™ ) = ad.

=0
Let
w = 2(m+n) (mod p).

(1) If p=1 (mod 12), one has
Apt+bw = Optt(w—3b)p = 0 (for all integers t).
(1) If p=5 (mod 12), one has

Apt 4 (1—3bm)bw = Apt+(1—3ba)bw = O (for all integers ).

Proof.  We continue with the notation introduced in the introduction, and following the
discussion in the introduction, all that needs to be done is to state the form of the matrices A
and b in each of the four cases, verify that the entries are integers, and that the properties
listed at (1.14)—(1.17) are satisfied. The latter is most easily achieved using a computer
algebra system such as Mathematica, and a notebook that does this is available at the web
site of one of the authors [12].

Case 1: Let p =1 (mod 12) and let 7 = w = 2(m + n). As p = m? + n? by assumption,
it is evident that one, and only one, of m and n must be equivalent to 0 (mod 3). Thus,

suppose that 3 |m.
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In this case we have

_ 4m2(nn—1) 1 0 2m?(nn—1) __ 2mn
3p D 3
4mn __ 4mn(nn—1) 1 2mn(ni—1)  2ma 2m?2
— 3 3p 3p 3 3
A= 4m?2(nn—1) 0 _ 2m2(nn—1) 1 2mn ’
3p 3p 3
4m(nn—1)(pn—n(nn—1)) 0 2m(na—1)(pn—n(nn—1)) 2m2(na—1) 1
»? N »? ) T
and
m(—2nwn+m+n)
3p
m(2mwn—m+n)
b= o

1 — m(—2nwn+m-+n)

P
m(nn—1)(2mwn—m+n)
P2

That the various matrix- and vector entries are integers follows from the facts that 3 | m,
w = 2(m +n) (mod p) and nn =1 (mod p), together with the congruence 2mwn =m —n
(mod p), which easily follows from w = 2(m + n) (mod p).

Case 2: Here also p =1 (mod 12), and this time 7 = w — 3b; we again take 3 | m.

4m2(3nﬁ—1) +1 0 _zmQ(PZ)ﬁ_l) QWT”
dmn(nn—1)  4mn 1 2mn _ 2mn(nn—1) _2m?
A = 3p ~ 3 3 ~ 3p 3 ’
L e
__4m(nn—1)(ppn—n(nn—1)) 0 2m(nn—1)(pa—n(nn—1))  2m*(nn—1) 1
P’ p? p

and

__ m(=2nn(w—3b)—6b+m-+n)
3p
_2m2n(w—3b)—6bn—m*+mn

3
b = m(—2n(1w—3b)—6b+m-+n)
3p
(m2ﬁ+n) (2nfi(w—3b)+6b—m—n)
P2

That the various matrix- and vector entries are integers follow from similar considerations
to those in Case 1, this time also using m? = —n? (mod p).

Remark 1. Note that the matrix A in Case 2 is the negative of the matrix A in Case 1.

Before coming to primes p =5 (mod 12) we note that the division into cases is different.
Instead of the two cases being derived from the vanishing in the two different arithmetic
progressions, as in the case of primes p = 1 (mod 12), we note that if p = 5 (mod 12),
p = m? + n?, then either 3 | (m —n) (Case 3) or 3 | (m + n) (Case 4). We also note
that in either of these cases, it is sufficient to demonstrate the matrix and vector that shows
vanishing in the arithmetic progression ap(1—sym)pw, since we can freely switch m and n to

get vanishing in the arithmetic progression @, 1—spaypw (See the statement of Theorem 3).
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Case 3: Let p = 5 (mod 12) and 3 | (m — n), and we consider api(1—spm)bws SO T =
(1 — 3bm)w. This time,

2ma(m—n)(m+n)+4mn+ (m—n)(m2atmni—m+n)
o) | (i)
m—n)(mn—mnn+m+n m—n)(m n—mnn+m+n
- -1 —Lim —n)?
(32) A e 2_317 ~ 3p 3( )
_2(m—n) (m n+mnn—m+n) 0 ma(m—n)(m+n)+2mn+2p _l(m . n) (m + n)
v o ’ m(mgﬁ—nQY‘H—Qn)
Q41 0 43 _—

p
_ (m—n)(wn(m+4n)(3bm—1)—3b+m)

wn(m—n)?(3bim— 1)—§gb(m+n)+n(n—m)

(33) b = (mfn)(wﬁ(m+n§?3bmfl)73b+m) ’
(mﬁ(mfn)+m+n)(wﬁ(€n+n)(3bm71)73b+m)
I
where
2 (m*n — mnn +m +n) (m*n 4+ mnn —m +n)
a41 = - 2 ?
p
(m*n — mnn +m+ n) (m*n + mnn —m +n)
ay3 = 5 .
p

The integrality of the terms follows by arguments similar to those stated previously, noting
that in this case 3 | 4mn + p.

Remark 2. The matrix A above, and also in Case 4 below, is displayed as shown because
of the width of the displayed entries.

Case 4: Lastly, we consider p = 5 (mod 12) and 3 | (m+n), we again consider Gyt (1—sbm)bw
so once more 7 = (1 — 3bm)w. In this case

2mn(m—n)(m+n)+4mn—p (m~+n) (mQﬁ—mnﬁ—l—m—‘rn)

3p 0 — 3p %(m —n)(m+n)
2(m+n) (m2ﬁ+mnﬁ—m+n) (m+n) (m2ﬁ+mnﬁ—m+n> 1 9
A = ( 23p ) L - 3p §(m + n)
2(m+n)(m*n—mna+m+n mn(m—n)(m+n)+2mn—2
_ = 0 (m=n)( 3—; )+ P _%(m_n)(m+n>
m m2ﬁ—n2ﬁ+2n)
a4, 0 ay3

wh (n2 —m? ) (8bm—1)+3b(m—n)+n(m+n)

3p
__ (m+n)(wa(m+n)(3bm—1)—3b+m)

(34) b — 3p )

whi(m—n)(m+n)(3bm—1)+3b(n—m)—n(m+n)+3p

3
(mn(m—n)+m+n) (wﬁ(zn—i—n) (3bim—1)—3b+m)

p
where
2 (m*n — mnn +m +n) (m*n + mnn —m +n)
a4,1 = - 2 Y
p
(m*n — mnn +m+ n) (m*n + mnin —m +n)
(1473 = 5 .
p
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The integrality of the terms follows similarly, noting that in this case 3 | (4mn — p). O

4. SOME EXAMPLES

We next illustrate the results in Theorem 3 with some examples.

Example 1. (1) Let p = 37 = 6 + 12 (so take m = 6 and n = 1), let b > 0, and define the

sequence a; by
o0

Q™. Q¢ ¢") =) .

t=0
Since 37 = 1 (mod 12), we have

w=2(m+n)=2(6+1) =22 (mod 37).
Then for all integers ¢,

a37¢4225 = A374422p—3p2 = 0.

(2) Let p = 29 = 5% + 2% (so take m = 5 and n = 2), let b > 0, and define the sequence a;
by

Q(q5b,q29)Q(q2b,q29) _ Zatqt~
t=0

Since 29 =5 (mod 12),
w=2(m+n) =18 (mod 29),
—3mw = 24 (mod 29),
—3nw = 2 (mod 29).
Then for all integers t,

A29¢+24p2+18b = A29¢+2b24+18p = 0.

Remark 3. For any prime p > 5 with p = m? + n?, one has by (1.5) that both Q(¢"", ¢?)
and Q(¢", ¢*) are superlacunary, which Ono and Robins [16] defined to mean that if either
is expanded as a series in ¢, it has the form

Z d(an2 + bn + c)qa”2+b”+0

n=—oo

where a, b, ¢ are rational and a > 0 (Ono and Robins take a, b, c to be integers, since re-
placing ¢ with ¢~ for some integer N would clear all denominators). The authors point
out in [16] that the product of two superlacunary series is lacunary and hence the product
Q(¢"™, ¢?)Q(q"™, ¢*) has a series expansion that is lacunary, and almost all the coefficients a;
in Theorem 3 are zero.

However, multiplying Q(¢"™, ¢?)Q(¢"", ¢?) by any function whose series expansion is a
series in ¢P will not affect the vanishing of coefficients in arithmetic progressions modulo p, so
we state the following corollary, which may have more interesting combinatorial implications

on special partition functions.
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Corollary 1. Let Q(z,q) be as at (1.2), let p =1 (mod 4) be a prime, and m >0, n > 0 be
integers such that p = m? 4+ n%. Let b > 0 be an integer, let

w = 2(m+n) (mod p),
and let the sequence ¢; be defined by
Q¢ ¢")Q(¢", ¢") i ;
= Cq .

1) (g7; q7)2%, —

(1) If p=1 (mod 12), then for all integers t one has
(4.2) Cptbw = Cptrb(w—3b) = 0.
(1) If p="5 (mod 12), then for all integers t one has
(4.3)

Cpt+-bw(1—3bm) — Cpt+bw(1-3bi) — 0.

As an application of Corollary 1, we modify the products in Example 1 and consider just
the case b = 1 (although the results translate directly for an arbitrary positive integer b).

Example 2. (1) Let the sequence a; be defined by

Qg ¢*")Q(¢", ¢*" -
( (q37,)q3(7)2 ) (0:4% 4", 0% ") (@, 0, 6%, 6" 4o = D ard.
) (') t=0

Then for all integers ¢, one has

asr22 = Az7e419 = 0.
(2) Let the sequence a; be defined by

Q(¢*, ¢*)Q(¢% ¢*) -
(g2 ¢2)2 = (.. 7 ) (0.7 07, 0010 = Y g
) o) t=0

Then for all integers ¢, one has

29¢+42 = A29¢420 = 0.

Remark 4. Unlike the coefficients in the series expansions in Example 1, most coefficients
in the series expansions in Example 2 are non-zero. Indeed it follows from a general result
proven in [8] that apart from the two arithmetic progressions where coefficients vanish, the
coefficients in the other arithmetic progressions are, apart from a few possible zero coefficients
near the beginning, eventually either all positive or all negative, tending to either +oo or
—00.

5. CONCLUDING REMARKS

Computer investigations suggest that vanishing coefficient results similar to those proven
in the present paper for products of two quintuple products also hold for products of three-
and four quintuple products.

For example, if the sequence {a,} is defined by

Qg, "R, Q" ¢*) = D ang”,
n=0
11



then experiment suggests that

a31¢4+6 = A314+16 = 311418 = 0.

Similarly, if the sequence {b,} is defined by

Q(q,¢"Q(¢*, "R, ¢")Q(¢", ") =D bug”,
n=0

then it appears that
bart21 = bartyos = barrro6 = barrr30 = 0.
We will examine these phenomena in a subsequent paper.
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